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Abstract: Adati and Miyazawa (1967), have studied on a Riemannian space
with recurrent conformally curvature and Deszcz (1976), has studied on semi-
composable conformally recurrent and conformally birecurrent Riemannian spaces.
After then, Negi (2017) have calculated Theorems on almost product and decom-
posable spaces. In this paper, we define and study decomposition on Kaehlerian
manifolds of conformal recurrent curvature tensor and some theorems are estab-
lished. Also, we have proved that if a Kaehlerian manifold kn of recurrent conformal
curvature is decomposable then the decomposition space Ωn−r is Einstein and if a
Kaehlerian conformally recurrent manifold kn is decomposable then the recurrence
vector is a gradient or the decomposition space Ωr has constant curvature.
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1. Introduction
A Riemannian space Ωn is decomposable (Walker 1950), if it is expressed as

a product Ωr × Ωn−r for some r, that is, if coordinates can be found so that it’s
metric takes the form:

ds2 =
r∑

a,b=1

gabdx
adxb +

n∑
λ,µ=r+1

gλ,µdx
λdxµ (1.1)
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where gab is function of x1, x2, ...., xr only, and the gλµ is function of is function of
xr+1, xr+2, ...., xn only.

The equation (1.1) of two parts is the metrics of Ωr and Ωn−r called decom-
posable spaces of Ωn. It is evident, from (1.1), that the Christoffel’s symbols, the
components of the curvature tensor, the Ricci tensor and their covariant deriva-
tives in Ωn are zero unless all the subscripts belong to the same suffix range 1,2,...,r
or r+1,r+1,...,n. In case, all the subscripts belong to the same suffix range, say,
1,2,...,r then the symbols and tensor components are the same for Ωr as for Ωn and
covariant differentiation in Ωr is the same as in Ωn with respect to x1, x2, ...., xr.

If one of the decomposition spaces, say, Ωn−r is flat then Ωn is described as a
flat extension of Ωr. A Riemannian space Ωn(n > 3) whose conformal curvature
tensor defined by:

Chijk = Rhijk−
1

n− 2
(ghkRij−ghjRik+gijRhk−gikRhj)+

R

(n− 1)(n− 2)
(ghkgij−ghjgik)

(1.2)

satisfies the relation:

Chijk,l − δlChijk = 0 (1.3)

for some non-zero vector δl is said to be a space of recurrent conformal curvature or
conformally recurrent space. If a conformally recurrent space Ωn is decomposable
into a product Ωr×Ωn−r then one of the decomposable spaces is flat and the other
is a space of recurrent curvature or both are spaces of constant curvature.

2. Decomposable on Kaehlerian Manifolds of Conformal Recurrent Cur-
vature Tensor

We have a space of recurrent conformal curvature on Kaehlerian manifold Kn,
as decomposition spaces, that is, as a product Ωr × Ωn−r with its metric in the
form (1.1). The recurrence vector δl is, without loss of simplification, understood
to be non-zero for some suffix a on the range 1,2,...,r.

Theorem 2.1. If a Kaehlerian manifold Kn of recurrent conformal curvature is
decomposable then the decomposition space Ωn−r is Einstein.
Proof. Let a Riemannian space Ωn be there of recurrent conformal curvature.
Equation (1.3) with (1.2) and multiplying by ghl, we have

Rlijk,l −
1

n− 2
(Rij,k −Rik,j + gijR

j
k,l − gikR

l
j,i) +

1

(n− 1)(n− 2)
(ghkR,k − ghjR,j)

= δlR
i
ijk −

1

n− 2
(δkRij − δjRik + gijδlR

l
K − gikδjRij) +

R

(n− 1)(n− 2)
(δkgij − δjgik)

(2.1)
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In virtue of the relations Rl
ijk,l = Rij,k −Rik,j and Rl

j,i =
1

2
R,k takes the forms

(n− 3)

(n− 2)
[(Rij,k −Rik,j)−

1

2(n− 1)
(gijR,k − gikR,j)] = δlR

i
ijk −

1

n− 2

× (δkRij − δjRik + gijδlR
l
k − gikδjRi

j) +
R

(n− 1)(n− 2)
(δkgij − δjgik) (2.2)

Put i = λ, j = µ and δ = a in (2.2) which then reduced to

(n− 3)

2(n− 1)
gλµR,a = δaRλµ + gλµδlR

l
a −

R

(n− 1)
δaRλµ. (2.3)

Multiplying (2.3) by gλµ yields

(n− 3)(n− r)
2(n− 1)

R,a = δaR
a + (n− r)δlRλ

µ −
(n− r)
n− 1

Rδa

Hence we find

δlR
l
a =

n− 3

2(n− 1)
R,a −

1

n− r
δaR

a +
R

n− 1
δa. (2.4)

It therefore follows from (2.3) and (2.4) that

δa(Rλµ −
Ra

n− r
gλµ.) = 0.

Since δa 6= 0 for some a, we have

Rλµ =
Ra

n− r
gλµ.

That means that the decomposition space Ωn−r is Einstein. Again, we have

Theorem 2.2. In a decomposable space Ωn = Ωr × Ωn−r of recurrent conformal
curvature on Kaehlerian manifold kr has its curvature tensor satisfying the relation:
Rpqrs,t = δlTpqrs, where

Tpqrs = Rpqrs +
Ra

(n− r)(n− r − 1)
(gpsgqr − gprgqs). (2.5)

Proof. We have use of (1.2) and noted (1.3), then

Rhijk,l −
1

n− 2
(ghkRij,l − ghjRik,l + gijRhk,l − gikRhj,l) +

1

(n− 1)(n− 2)
R,l (gkhgij − ghjgih)

= δl[Rhijk −
1

n− 2
ghkRij − ghjRik + gijRhk − gikRhj) +

R

(n− 1)(n− 2)
(ghkgij − (ghjgik)].

(2.6)
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Put h = p, i = λ, j = q, k = µ, and l = r in (2.6). This admits

gλµRpq,r −
1

n− 1
gλµgpqR,r = δr[gλµRpq + gpqRλµ −

R

n− 1
gλµgpq].

On applying theorem (2.1), then above is

Rpq,r =
1

n− 1
gpqR,r + δr[Rpq +

Ra

n− r
gpq −

R

n− 1
gpq]. (2.7)

Setting all the subscripts h, i, j, k, l in (2.6) from the same suffix range 1, 2, ..., r
and taking into account (2.7) we see that

Rpqrs,t −
1

(n− 1)(n− 2)
R,t(gpsgqr − gprgqs)

= δlRpqrs +
1

n− 2
δt(

2Ra

n− r
− R

n− 1
)(gpsgqr − gprgqs) (2.8)

In consequence of the relation:

1

(n− 1)
R,t = − n− 2r

(n− r)(n− r − 1)
Raδt +

R

n− 1
δt

Equation (2.8) simplifies to

Rpqrs,t = δt[Rpqrs +
Ra

(n− r)(n− r − 1)
(gpsgqr − gprgqs)] = δtTpqrs.

This completes the proof.
From the above two theorems, then we have the followings:

Corollary 2.1. The recurrent conformal curvature on Kaehlerian manifold Kn of
a Riemannian space Ωn satisfies the identity:

Rhijk,lm −Rhijk,ml +Rjkim,hl −Rjkim,lh −Rimhl,jk −Rimhl,kj = 0

Corollary 2.2. If aαβ, bα are number satisfying:aαβ = aβα, aβγbα+aγαbβ +aαβbγ =
0 for α, β, γ = 1, 2, ..., n, then all the aαβ are non-zero or all the bα are zero.
Now, we have the following:

Theorem 2.3. If a Kaehlerian conformally recurrent manifold Kn is decomposable,
then the recurrence vector is a gradient or the decomposition space Ωr has constant
curvature.
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Proof. Since R∗
,P = 0(R∗, scalar curvature of Kn−r is differentiated covariantly

with respect to xtu, coordinate of Kr, it is obvious from theorem (2.1) that

Rpqrs,tu = δt,uTpqrs + δtδuTpqrs. (2.9)

where
δtu = δt,u − δu,t. (2.10)

There of (2.9) and Theorem 2.3 yield:

δtuTpqrs + δpqTrstu + δrsTtupq = 0.

This is of the form of Theorem 2.4, because of Tpqrs = Trspq. We therefore appear
at the conditions:
Either δtu = 0 or Tpqrs = 0. In the first case δt is a gradient while in the second
case, then

Rpqrs =
R∗

(n− r)(n− r − 1)
(gprgqs − gpsgqr),

Which implies that Kr has constant curvature.

Theorem 2.4. If the recurrence vector of a decomposable space Kn of recurrent
conformal curvature on a Kaehlerian manifolds be a gradient then Kr has constant
curvature or K(n−r) has zero scalar curvature.
Proof. Let the recurrence vector δt be a gradient. Equation (2.10) then gives
δtu = 0 and (2.9) become:

Rpqrs,tu −Rpqrs,ut = 0

This, with the aid of the Ricci identity, is written:

RaqrsR
a
ptu +RparsR

a
qtu +RpqasR

a
rtu +RpqraR

a
atu = 0. (2.11)

Differentiating (2.11) covariantly with respect to x∗ and using (2.5) and (2.11) we
obtain:

R(∗)

(n− r)(n− r − 1)
δu(gptRuqrs − gp∗Rtqrs + gqtRpurs − gquRptrs

+ grtRpqus − gruRpqts + gstRpqru − gsuRpqrt) = 0 (2.12)

Since δv 6= 0 for some v, it follows from (2.12) that R∗ = 0. thus Kn−r have zero
scalar curvature. Equation (2.12) also yields:

gptRuqrs−gp∗Rtqrs+gqtRpurs−gquRptrs+grtRpqus−gruRpqts+gstRpqru−gsuRpqrt = 0
(2.13)
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Multiplying by gqrgpt (2.13) is contracted to

Rus =
R

r
gus. (2.14)

Also, multiplying (2.13) by gpt and using (2.14), we have obtained:

rRuqrs − 2Ruqrs +Rrqus +Rsqru =
R

r
(gsugqr − gurgqs).

This gives:

rRuqrs −Ruqrs +Ruqsr +Rusrq +Rurqs =
R

r
(gusgqr − gurgqs).

That is,

Ruqrs =
R

r(r − 1)
(gusgqr − gurgqs).

We denote that the scalar curvature Kr as appears in (2.14), is constant. Hence
we are lead to state that Kr has constant curvature.
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